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Digraph dicolouring

@ k-dicolouring of D: partition of V(D) in k parts inducing an acyclic subdigraph.
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Digraph dicolouring

@ k-dicolouring of D: partition of V(D) in k parts inducing an acyclic subdigraph.
e Dichromatic number Y (D): minimum k s.t. D admits a k-dicolouring.
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Digraph dicolouring

@ k-dicolouring of D: partition of V(D) in k parts inducing an acyclic subdigraph.
e Dichromatic number '(D): minimum k s.t. D admits a k-dicolouring.

@ Generalizing graph colouring and the chromatic number x(G).
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Digraph dicolouring

@ k-dicolouring of D: partition of V(D) in k parts inducing an acyclic subdigraph.
e Dichromatic number \'(D): minimum k s.t. D admits a k-dicolouring.

@ Generalizing graph colouring and the chromatic number x(G).
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Dicritical digraphs

Definition
D is k-dicritical if ¥(D) = k and ¥(H) < k if H C D. J
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Dicritical digraphs

Definition
D is k-dicritical if ¥(D) = k and ¥(H) < k if H C D. J

Main Question: bound di(n): minimum number of arcs in an n-vertex k-dicritical
digraph.
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Dicritical digraphs

Definition

D is k-dicritical if ¥(D) = k and ¥(H) < k if H C D. J
Main Question: bound di(n): minimum number of arcs in an n-vertex k-dicritical
digraph.

Proposition

D k-dicritical = Yv € V,d*(v),d~(v) > k — 1. J
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Dicritical digraphs

Definition

D is k-dicritical if ¥(D) = k and ¥(H) < k if H C D. J
Main Question: bound di(n): minimum number of arcs in an n-vertex k-dicritical
digraph.

Proposition

D k-dicritical = Yv € V,d*(v),d~(v) > k — 1. J

First Easy Bound: dx(n) > (k —1)n.
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Known results

o Undirected case: gi(n) > 1(k — 2;)n—

2(k 1)

[Kostochka and Yancey '14]
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Known results

o Undirected case: gi(n) > 1(k — 2;)n—

2(k 1)

[Kostochka and Yancey '14]
e Conjecture: On K _o-free graphs, gi(n) > 3(k

1 +Ek)n

2(k 1 . [Postle '17]
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Known results

o Undirected case: gi(n) > 1(k — 2;)n— 2(k 1) [Kostochka and Yancey '14]

o Conjecture: On K_»-free graphs, gk(n) > 4(k — 25 +ex)n— 2(k 1 . [Postle '17]

e Known for k =5 [Postle '17], k = 6 [Gao and Postle '18]
and k > 33 [Gould, Larsen and Postle '21].
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Known results

o Undirected case: gi(n) > 1(k — 2;)n— 2(k 1) [Kostochka and Yancey '14]

Conjecture: On Ky_o-free graphs, gi(n) > 3(k— 25 +ex)n— 2(k 1 . [Postle '17]

e Known for k =5 [Postle '17], k = 6 [Gao and Postle '18]
and k > 33 [Gould, Larsen and Postle '21].

Conjecture: di(n) > (k — 25)n— k(kk 13) [Kostochka and Stiebitz '20]

known for k € {2,3,4}, open for k > 5.
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Known results

Undirected case: gi(n) > 3(k — 25)n— 2(k 1) [Kostochka and Yancey '14]

Conjecture: On Ky_o-free graphs, gi(n) > 3(k— 25 +ex)n— 2(k 1 . [Postle '17]

e Known for k =5 [Postle '17], k = 6 [Gao and Postle '18]
and k > 33 [Gould, Larsen and Postle '21].

Conjecture: di(n) > (k — 25)n— k(kk 13) [Kostochka and Stiebitz '20]

known for k € {2,3,4}, open for k > 5.

@ Best bound: dix(n) > (k —

+721)n
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Dicritical oriented graphs

ok(n): minimum number of arcs in an n-vertex k-dicritical oriented graph.
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Dicritical oriented graphs

ok(n): minimum number of arcs in an n-vertex k-dicritical oriented graph.

e Conjecture: ox(n) > (14 ex)dk(n) when k > 3 and n large enough.
[Kostochka and Stiebitz '20]
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Dicritical oriented graphs

ok(n): minimum number of arcs in an n-vertex k-dicritical oriented graph.

e Conjecture: ox(n) > (14 ex)dk(n) when k > 3 and n large enough.
[Kostochka and Stiebitz '20]

@ Known for k = 3. [Aboulker, Bellitto, Havet and Rambaud '22].
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Dicritical oriented graphs

ok(n): minimum number of arcs in an n-vertex k-dicritical oriented graph.

e Conjecture: ox(n) > (14 ex)dk(n) when k > 3 and n large enough.
[Kostochka and Stiebitz '20]

@ Known for k = 3. [Aboulker, Bellitto, Havet and Rambaud '22].

Theorem

If G is a 4-dicritical oriented graph, then m(G) > (130 I 511> n(G) — 1.

Which improves m(D) > 22n(D) — 3 (Kostochka and Stiebitz) in general.
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4-Ore digraphs

Definition J

The class of 4-Ore graphs is the smallest containing Ky closed under Ore-composition.
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4-Ore digraphs

Definition

The class of 4-Ore graphs is the smallest containing K closed under Ore-composition.

v

Theorem (Dirac '64)
4-Ore graphs are 4-critical.
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4-Ore digraphs

Definition

The class of 4-Ore graphs is the smallest containing K, closed under Ore-composition.

Theorem (Dirac '64)
4-Ore graphs are 4-critical.

Definition
4-Ore digraphs are the bidirected 4-Ore graphs.
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The potential of a digraph

o T(D) = max{d + 2t | 3 packing of d digons and t bidirected triangles}

o«—0

—

T l T(D) =4
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The potential of a digraph

e T(D) = max{d + 2t | 3 packing of d digons and t bidirected triangles}
@ T(D)=0<« D is an oriented graph.
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The potential of a digraph

e T(D) = max{d + 2t | 3 packing of d digons and t bidirected triangles}
e T(D)=0<« D is an oriented graph.

Definition
The potential of D is

p(D) = (% +s) n—m+46T(D).
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The potential of a digraph

@ T(D) = max{d + 2t | 3 packing of d digons and t bidirected triangles}
e T(D)=0<« D is an oriented graph.

Definition
The potential of D is

p(D) = (% + s> n—m+8T(D).

Theorem

Let £,6 > 0 such that § > 6c and 30 — e < % If D is 4-dicritical, then
Q@ p(D)<%+en— 5%13;12 if D is 4-Ore, and
@ p(D) <1 otherwise.
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Our results p=E4e)n—m—6T

Theorem

Let £,6 > 0 such that § > 6c and 30 — e < % If D is 4-dicritical, then
Q@ p(D)<%+en— 5%'73;12 if D is 4-Ore, and
@ p(D) < 1 otherwise.
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Our results

Theorem

Let £,6 > 0 such that § > 6c and 30 — e < % If D is 4-dicritical, then

Q@ p(D)<? 3 +en— 54”3;12 if D is 4-Ore, and
@ p(D) < 1 otherwise.

p=+e)n—m—-6T

For e = 5—11 and § = 6¢ we obtain:
Corollary

If G is A-dicritical, then m(G) > <E I i) n(G) — 1.
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Our results p=(L+e)n—m-4T
Theorem
Let £,6 > 0 such that § > 6c and 30 — e < % If D is 4-dicritical, then
Q@ p(D)<%+en— 6§"3;12 if D is 4-Ore, and
@ p(D) < 1 otherwise.

For e = 5—11 and 0 = 6¢ we obtain:

Corollary

If G is A-dicritical, then m(G) > <E I l) n(G) — 1.

For e = 6 = 0 we obtain:

Corollary

1 4
If D is 4-dicritical, then m(D) > ?On —3 and equality holds only if D is 4-Ore.
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Main technique of the proof

e D minimal counterexample: p(D) > 1.

p=(+e)n—m-6T
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Main technique of the proof

e D minimal counterexample: p(D) > 1.

p=(+e)n—m-6T
o Every smaller 4-dicritical W satisfies p(W) < % + 4e — 26.
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Main technique of the proof

p=(+e)n—m-6T
e D minimal counterexample: p(D) > 1.
o Every smaller 4-dicritical W satisfies p(W) < % + 4e — 26.

@ VR Cing D with n(R) > 4: p(R) > p(D) 4+ 2 — 3= + 6.
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Main technique of the proof p=E4e)n—m—-6T
e D minimal counterexample: p(D) > 1.
o Every smaller 4-dicritical W satisfies p(W) < % + 4e — 26.
@ VR Cing D with n(R) > 4: p(R) > p(D) 4+ 2 — 3= + 6.
Proof: By induction on n — n(R).
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Main technique of the proof p=(L+e)n—m-4T
e D minimal counterexample: p(D) > 1.
o Every smaller 4-dicritical W satisfies p(W) < % + 4e — 26.
@ VR Cing D with n(R) > 4: p(R) > p(D) 4+ 2 — 3= + 6.
Proof: By induction on n — n(R).
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Main technique of the proof p=E+e)n—m—48T
e D minimal counterexample: p(D) > 1.
o Every smaller 4-dicritical W satisfies p(W) < % + 4e — 26.
@ VR Cing D with n(R) > 4: p(R) > p(D) 4+ 2 — 3= + 6.
Proof: By induction on n — n(R).
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Main technique of the proof p=(L+e)n—m-4T
e D minimal counterexample: p(D) > 1.
o Every smaller 4-dicritical W satisfies p(W) < % + 4e — 26.
@ VR Cing D with n(R) > 4: p(R) > p(D) 4+ 2 — 3= + 6.
Proof: By induction on n — n(R).
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Main technique of the proof p=(L+e)n—m-4T
e D minimal counterexample: p(D) > 1.
o Every smaller 4-dicritical W satisfies p(W) < % + 4e — 26.
@ VR Cing D with n(R) > 4: p(R) > p(D) 4+ 2 — 3= + 6.
Proof: By induction on n — n(R).
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Main technique of the proof p=(L+e)n—m-4T

e D minimal counterexample: p(D) > 1.
o Every smaller 4-dicritical W satisfies p(W) < % + 4e — 26.

@ VR Cing D with n(R) > 4: p(R) > p(D) 4+ 2 — 3= + 6.
Proof: By induction on n — n(R).
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Main technique of the proof p=(L+e)n—m-4T

e D minimal counterexample: p(D) > 1.
o Every smaller 4-dicritical W satisfies p(W) < % + 4e — 26.

@ VR Cing D with n(R) > 4: p(R) > p(D) +2 — 3¢ +4.
Proof: By induction on n — n(R).
n(R') = n(W) + n(R) — n(Xw)
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Main technique of the proof p=(L+e)n—m-4T

e D minimal counterexample: p(D) > 1.
o Every smaller 4-dicritical W satisfies p(W) < % + 4e — 26.

@ VYR Cing D with n(R) > 4: p(R) > p(D) +2 — 3¢ +9.
Proof: By induction on n — n(R).
n(R') = n(W) + n(R) — n(Xw)
m(R") = m(W) + m(R) — m(Xw)
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Main technique of the proof p=(L+e)n—m-4T
e D minimal counterexample: p(D) > 1.
o Every smaller 4-dicritical W satisfies p(W) < % + 4e — 26.
@ VYR Cing D with n(R) > 4: p(R) > p(D) +2 — 3¢ +9.
Proof: By induction on n — n(R).

n(R") = n(W) + n(R) — n(Xw)
SX Q m(R") > m(W) + m(R) — m(Xw)
o ] £ T(R) > T(W)+ T(R) - n(Xw)
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Main technique of the proof p=(L+e)n—m-4T

e D minimal counterexample: p(D) > 1.

o Every smaller 4-dicritical W satisfies p(W) < % + 4e — 26.

@ VYR Cing D with n(R) > 4: p(R) > p(D) +2 — 3¢ +9.
Proof: By induction on n — n(R).

n(R") = n(W) + n(R) — n(Xw)
SX Q m(R") > m(W) + m(R) — m(Xw)
e 52 Y TR = T+ T(R) - nlxw)
% , 10
By ° = p(R) < p(W)+p(R)— 5 —e+d
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Main technique of the proof p=(L+e)n—m-4T

e D minimal counterexample: p(D) > 1.

o Every smaller 4-dicritical W satisfies p(W) < % + 4e — 26.

@ VYR Cing D with n(R) > 4: p(R) > p(D) +2 — 3¢ +9.
Proof: By induction on n — n(R).
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Main technique of the proof p=(L+e)n—m-4T

e D minimal counterexample: p(D) > 1.

o Every smaller 4-dicritical W satisfies p(W) < % + 4e — 26.

@ VYR Cing D with n(R) > 4: p(R) > p(D) +2 — 3¢ +9.
Proof: By induction on n — n(R).

e With more work: p(R) > p(D)+ § — ¢ — 4.
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A useful tool

p=(8+e)n—m-6T
@ D minimal counterexample: p(D) > 1.

o Every smaller 4-dicritical W satisfies p(W) < § + 4 — 20.

® VR Cing D with n(R) > 4: p(R) > p(D) + § — = — 4.
Claim

VR Cing D, RU {uv, u'v'} is 3-dicolourable.
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A useful tool p=(Q te)n—m-4T

@ D minimal counterexample: p(D) > 1.

e Every smaller 4-dicritical W satisfies p(W) < % + 4e — 26.
® VR Cing D with n(R) > 4: p(R) > p(D) + § — = — 4.

Claim
VR Cing D, RU {uv, u'v'} is 3-dicolourable. J

Proof:
If not true, W C (R U {uv, v'v'}) 4-dicritical. But then:

(p(D)—l—g—e—(S)—(2+25)§p(W)§%+45—25
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A useful tool p=(Q te)n—m-4T

@ D minimal counterexample: p(D) > 1.

e Every smaller 4-dicritical W satisfies p(W) < % + 4e — 26.
® VR Cing D with n(R) > 4: p(R) > p(D) + § — = — 4.

Claim
VR Cing D, RU {uv, u'v'} is 3-dicolourable. J

Proof:
If not true, W C (R U {uv, v'v'}) 4-dicritical. But then:

(p(D)—l—g—e—(S)—(2+25)§p(W)§%+45—25

= p(D) <1
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The neighbourhood of 6-vertices p=(L4e)n—m-4T

Claim
VR Cing D, RU {uv, u'v'} is 3-dicolourable. J

Claim J

A vertex of degree 6 has either 3 or 6 neighbours.
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The neighbourhood of 6-vertices p=(Q4e)n—m-4T

Claim
VR Cing D, RU {uv, u'v'} is 3-dicolourable. J
Claim
A vertex of degree 6 has either 3 or 6 neighbours. J
Proof:

N i
XK
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The neighbourhood of 6-vertices p=(Q4e)n—m-4T

Claim
VR Cing D, RU {uv, u'v'} is 3-dicolourable. J
Claim
A vertex of degree 6 has either 3 or 6 neighbours. J
Proof:

N L-
25 TR
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The neighbourhood of 6-vertices p=(Q4e)n—m-4T

Claim
VR Cing D, RU {uv, u'v'} is 3-dicolourable. J
Claim
A vertex of degree 6 has either 3 or 6 neighbours. J

Proof:

N L-
250 TR
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The neighbourhood of 6-vertices p=(Q4e)n—m-4T

Claim
VR Cing D, RU {uv, u'v'} is 3-dicolourable. J
Claim
A vertex of degree 6 has either 3 or 6 neighbours. J

Proof:

N L-
XK
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The neighbourhood of 6-vertices p=(Q4e)n—m-4T

Claim
VR Cing D, RU {uv, u'v'} is 3-dicolourable. J
Claim
A vertex of degree 6 has either 3 or 6 neighbours. J
Proof:

X K
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The neighbourhood of 6-vertices p=(Q4e)n—m-4T

Claim
VR Cing D, RU {uv, u'v'} is 3-dicolourable. J
Claim
A vertex of degree 6 has either 3 or 6 neighbours. J

Proof:

X oK
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The neighbourhood of 6-vertices p=(Q4e)n—m-4T

Claim
VR Cing D, RU {uv, u'v'} is 3-dicolourable. J
Claim
A vertex of degree 6 has either 3 or 6 neighbours. J

Proof:

N
NN
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The neighbourhood of 6-vertices p=(L 4e)n—m-4T

Claim
VR Cing D, RU {uv, u'v'} is 3-dicolourable. J
Claim
A vertex of degree 6 has either 3 or 6 neighbours. J
Proof:

i
Claim J

A vertex of degree 7 has 7 neighbours.
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Chelou arcs p=E4e)n—m—6T

xy is chelou if d*(x) =3, d7(y) = 3 and y has a simple in-neighbour z # x.

V) 2 o 2 )

FIN Y
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Chelou arcs p=E4e)n—m—6T

xy is chelou if d*(x) =3, d7(y) = 3 and y has a simple in-neighbour z # x.

. y
N™(x) —\l ° ° {» N*(y)
SN
zZ e
Claim
There is no chelou arc in D. J
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Chelou arcs p=E4e)n—m—6T

xy is chelou if d*(x) =3, d7(y) = 3 and y has a simple in-neighbour z # x.

X y .
N=(x) | —\:: x < Shyt N (y)
SIN S
Claim
There is no chelou arc in D. J
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Structure of D[ V4] p=(L+e)n—m—4T

@ valency val(v) : number of arcs between v and a vertex of degree > 8.
e neighbourhood-valency v(v) : 3~ (. val(u).
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Structure of D[ V4] p=(L+e)n—m—4T

@ valency val(v) : number of arcs between v and a vertex of degree > 8.
e neighbourhood-valency v(v) : 3~ (. val(u).
@ Vj: vertices of degree 6.

Every connected component of D[V] is one of the following.

Claim J
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Discharging p=+e)n—m-oT
@ Initial charge:
w(v) = —+8——d(V) da(v)

where o(v) = % if ve Cin D[Vg], |C| > 2, and o(v) = 0 otherwise
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Discharging p=+e)n—m-oT

@ Initial charge:
(v) = 52— 5d(v) —do(v)
wlv) = 3 g 2 v ag\v
where o(v) = 1¢; if v € Cin D[Ve], |C| > 2, and o(v) = 0 otherwise.
e We have:

p(D) < Y- w(v)

veV
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Discharging p=+4e)n—m-oT

@ Initial charge:
(v) = 52— 5d(v) —do(v)
wlv) = 3 g 2 v ag\v
where o(v) = 1¢; if v € Cin D[Ve], |C| > 2, and o(v) = 0 otherwise.
e We have:

p(D) < Y- w(v)

veV

@ Apply some discharging rules to obtain w*(v) < 0, and contradict p(D) > 1.
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Upper bounds

Constructions of [Aboulker, Bellitto, Havet and Rambaud '22].
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Upper bounds

Constructions of [Aboulker, Bellitto, Havet and Rambaud '22].
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Open questions

Conjecture (Kostochka and Stiebitz)
di(n) > (k — 227)n — “=3) (open for k >5).

Conjecture (Kostochka and Stiebitz)
ok(n) > (1 + ex)dk(n) when k > 3 and n large enough (open for k >5).

u]
@
I
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Open questions

Conjecture (Kostochka and Stiebitz)

di(n) > (k — 227)n — “=3) (open for k >5).

Conjecture (Kostochka and Stiebitz)
ok(n) > (1 + ex)dk(n) when k > 3 and n large enough (open for k >5).

Question: reduce the gaps for 03 and o4.

7 1 1
§n+2§03(n)§gn (?O—kﬁ n—1<o4(n) <

N ©

n
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Open questions

Conjecture (Kostochka and Stiebitz)

di(n) > (k — 227)n — “=3) (open for k >5).

Conjecture (Kostochka and Stiebitz)
ok(n) > (1 + ex)dk(n) when k > 3 and n large enough (open for k >5).

Question: reduce the gaps for 03 and o4.

7 5 10 1
Into< <2 o1
30+ < o3(n) < 50 (3 + 5

N ©

n—1<o4(n) < =n

Question: What about oriented graphs with digirth at least 4 ?
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Open questions

Conjecture (Kostochka and Stiebitz)

di(n) > (k — 227)n — “=3) (open for k >5).

Conjecture (Kostochka and Stiebitz)
ok(n) > (1 + ex)dk(n) when k > 3 and n large enough (open for k >5).

Question: reduce the gaps for 03 and o4.

7 5 10 1
Into< <2 o1
30+ < o3(n) < 50 (3 + 5

N ©

n—1<o4(n) < =n

Question: What about oriented graphs with digirth at least 4 ?

Thank You !
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