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Abstract

The acyclic dichromatic number of an oriented graph is the minimum size of a vertex-partition
such that the digraphs induced by any single part are acyclic, and the oriented bipartite graphs
between any two parts are acyclic too. We characterize the subtournaments that must appear in
every tournament with sufficiently large acyclic dichromatic number, thereby confirming a conjecture
of Bang-Jensen, Picasarri-Arrieta, and Yeo.

1 Introduction

An acyclic colouring of a graph is a proper vertex colouring such that every pair of colour classes
induces an acyclic graph, that is, a forest. This notion was introduced in 1973 by Griinbaum [7] who
proved that every planar graph has an acyclic 9-colouring, and can thus be decomposed into three
induced forests. Borodin then improved this to 5 colours [4], showing that every planar graph can be
decomposed into an independent set and two induced forests.

In the setting of directed graphs, vertex colouring has been widely studied since the introduction of
the dichromatic number by Erdés [5] and Neumann-Lara [§]. A notable achievement is the characteriza-
tion of heroes — the subtournaments that must appear in all tournaments with large enough dichromatic
number — by Berger, Choromanski, Chudnovsky, Fox, Loebl, Scott, Seymour, and Thomassé [3].

Recently, Bang-Jensen, Picasarri-Arrieta, and Yeo [2] defined a directed analogue to acyclic colouring:
an acyclic dicolouring of a digraph is a dicolouring where the arcs between any two colour classes form
an acyclic set. They raised the question of which are the tournaments analogous to heroes for this
notion, and proposed a conjecture. In this paper, we confirm their conjecture, and characterize the
subtournaments that appear in all tournaments with sufficiently large acyclic dichromatic number.

1.1 Definitions and notations

Given a positive integer n, we denote by [n] the set {1,...,n}. All graphs and digraphs in this paper
are simple, finite, and contain no parallel or anti-parallel arcs.

Let D be a digraph, u,v € V(D) two vertices, and X, Y C V(D) two sets of vertices. If uv € E(D),
we say that u is an in-neighbour of v, and that v is an out-neighbour of u; we also write u — v to denote
that uv is an arc of D. Given a vertex u € V(D), we denote by u* the set of its out-neighbours, and by
u~ the set its of in-neighbours. We denote by D[X, Y] the subdigraph of D with vertex set X UY and
containing every arc of D having one end in X and the other end in Y. In particular, D[X, X] is the
subdigraph induced by X, also noted D[X]. We write X = Y to say that for all vertices z € X and
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y € Y we have z — y. Given two digraphs D; and Ds, we denote by D; = Dy the digraph obtained
from the disjoint union of Dy and Ds by adding all arcs from V(D7) to V(D2).

A tournament is an orientation of a complete graph, that is, an oriented graph with exactly one arc
between every pair of vertices. We say that a tournament is transitive if it is acyclic, and we denote by
TT, the unique transitive tournament on n vertices. Given three tournaments 77,75, 73, we denote by
A(Ty,T»,T3) the tournament obtained from disjoint copies of T1, T, T3 by adding the remaining arcs
so that Th1 = T, = T3 = 1. For the sake of better readability, we may write k in place of TT} in this
last notation; for example, A(1, k,T') stands for A(TTy,TTy,T). Given two tournaments H and T, we
say that T is H-free if it T' contains no subtournament isomorphic to H.

A k-dicolouring of a digraph D is a function ¢: V(D) — [k] such that D[p~!(c)] is acyclic for
every colour ¢ € [k]. The sets p~!(c) for ¢ € [k] are called the colour classes of p. A digraph is
k-dicolourable if it admits a k-dicolouring. The dichromatic number of a digraph D, denoted by (D),
is the least integer k such that D is k-dicolourable. A tournament H is a hero if there exists an integer
cyr such that every H-free tournament has dichromatic number at most czr. In a seminal paper, Berger,
Choromanski, Chudnovsky, Fox, Loebl, Scott, Seymour, and Thomassé [3] characterized heroes.

Theorem 1 (Berger et al. [3]). A tournament H is a hero if and only if:
e H~TTy, or

e H ~ (Hy = Hs), where Hy and Hy are heroes, or
o H~A(l,k,Hy) or H~ A(1,Hy, k), where Hy is a hero and k a positive integer.

1.2 Acyclic dicolouring and main result

Let D be a digraph. An acyclic k-dicolouring of D is a k-dicolouring with colour classes Vi,..., V4
such that the subdigraph D[V;, V;] is acyclic for all ¢, 5 € [k]. The acyclic dichromatic number Xa(D)
of D is the least integer k such that D admits an acyclic k-dicolouring. When X C V(D) is a set of
vertices and D is clear from the context, we may write X,(X) in place of Xa(D[X]). A tournament H
is a champion if there exists an integer ¢y such that every H-free tournament has acyclic dichromatic
number at most cy. The acyclic dichromatic number upper-bounds the dichromatic number, so every
champion is a hero, but the converse is not true. The following conjecture was posed in [2].

Conjecture 2 (Bang-Jensen, Picasarri-Arrieta, and Yeo [2]). A tournament H is a champion if and
only if H is isomorphic to a subtournament of TTy, = (A(1,1,k) = TT}) for some integer k > 1.

In support of their conjecture, Bang-Jensen et al. proved that the forward implication holds (i.e. every
champion has this form), and that the tournaments A(1,1,k) and A(1,1,1) = T} are champions.
Our main theorem confirms their conjecture.

Theorem 3. For every integer k > 1, the tournament TTy, = (A(1,1,k) = TTy) is a champion.

Our proof of Theorem [3| relies on the notion of dimatching. A dimatching is a set of pairwise disjoint
arcs {a1b1, ..., arby} such that for each ¢, j € [k], we have a; — b; when i = j, and a; < b; when i # j.
In this case, we say that a; and b; are matched together, and given two vertex sets A and B, we say
that this dimatching goes from A to B if a; € A and b; € B for all i € [k].

Bang-Jensen et al. [2] introduced this structure to obtain 2-dicolourable tournaments with large
acyclic dichromatic number. They show that any oriented graph containing a dimatching of size k
has acyclic dichromatic number at least v/k. We conjecture that, conversely, any tournament with
sufficiently large acyclic dichromatic number must contain a large dimatching. This is a stronger
version of Conjecture 2| as we briefly justify in the next section (see Lemma .

Conjecture 4. There exists a function f: N — N such that for all integers k > 1, every tournament
with acyclic dichromatic number at least f(k) contains a dimatching of size k.
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2 Preliminary results

Let us first establish some basic facts about the acyclic dichromatic number. It is easy to see that
a vertex colouring of a digraph is an acyclic dicolouring if and only if there are no monochromatic
directed cycles, and no directed (even) cycles alternating between two colours. In a tournament, it
suffices that there are no monochromatic 3-cycles and no bichromatic alternating 4-cycles.

It is worth mentioning that there exist digraphs with dichromatic number 2 and arbitrarily large
acyclic dichromatic number (see [2, Prop. 2]). In particular, given a partition (X,Y") of the vertex set
of a digraph D, in general one cannot bound X, (D) by any function of \,(X) and ¥a(Y). Along the
proof, we overcome this difficulty by repeatedly applying the following lemma.

Lemma 5. Let D be a digraph and H be an induced subdigraph of D, then
Xa(D) < Xa(D\ E(H)) - (Xa(H) +1).

Proof. Let pp and ¢y be any acyclic dicolourings of D\ E(H) and H, respectively. We show that the
colouring ¢* of D defined below is an acyclic dicolouring of D, hence implying the result.

v o | ep(),en(v) ifve Vi)
. H{ (@D(U)ao) otherwise.

Suppose for contradiction that D, coloured with ¢*, contains a directed cycle C' which is monochro-
matic or bichromatic with alternating between two colours. Then the same holds with respect to ¢p.
By the choice of ¢p, the cycle C' uses at least one arc uv of H. Since C' is monochromatic or alternating
between two colours, every vertex w of C' has the same colour as w or as v. Hence, every vertex w of
C satisfies pg(w) # 0, and since H is an induced subdigraph of D, the cycle C' is in H. But then C' is
monochromatic or alternating between two colours with regard to ¢, a contradiction. O

By iterating the lemma above, we obtain the following useful corollary. Informally, it states that
if the edges of a digraph D can be covered (up to an acyclic set) by a bounded number of induced
subdigraphs with bounded acyclic dichromatic number, then the acyclic dichromatic number of D is
also bounded.

Corollary 6. Let D be a digraph and D1, ..., Dy be a collection of induced subdigraphs of D such that
D\ Ule A(D;) is acyclic, then

l
(D) < [T (Xa(p) +1).
i=1
We further show that we can find any champion in every tournament that contains a sufficiently large
dimatching. For this, we make use of the following analogue of Ramsey’s theorem for tournaments.

Theorem 7 (Erdds and Moser [6]). For all integers n > 0, every tournament of order 2" contains a
transitive tournament of order n + 1.

Lemma 8. Let T be a tournament and k > 1 be an integer. If T contains a dimatching of size
22k + 2k 4 4k, then T contains a subtournament isomorphic to TTy = (A(1,1,k) = TT},).

Proof. Let M be a dimatching of size 22¥ 4+ 2¥ + 4k in T. Denote A and B the vertex sets of size
22k 1 9k 4 4k such that M goes from A to B. Let B’ C B denote the vertices of B with at least
2F=1 4 2k in-neighbours in B, and let A’ be the vertices of A matched with vertices in B’. It is well
known that, for every integer £ > 1, every tournament contains at most 2¢ — 1 vertices of in-degree less
than ¢ (see [I, Prop. 2.2.2]). In particular, for £ = 2*~1 4 2k, we obtain that |4'| = |B’| > 2%F,

By Theorem |7} there exists a subset A” C A" of size 2k + 1 that induces a transitive tournament in
T. Let a € A” be the “middle” vertex in this transitive tournament (that is, the unique vertex with
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k in-neighbours and k out-neighbours in A”) and let b be the vertex matched to a. By definition of
B’, the vertex b has at least 2¥~! + 2k in-neighbours in B. At least 2~ of them are not matched to
any vertex in A”, so by Theorem ﬂ there exists a set B” C B consisting of k in-neighbours of b not
matched to any vertex in A”, and that induces a transitive tournament in 7. It is easy to see that
A" U B" U {b} induces a tournament isomorphic to 77T} = (A(1,1,k) = TT}). O

A graph G = (V, E) is an interval graph if there exists a family (I,),ecy of intervals of the real line
such that, for every u,v € V', we have uv € F if and only if I, NI, # &. We make use of the following
technical lemma about interval graphs. It captures the fact that, in a connected interval graph, starting
a Breadth-First Search from the interval with smallest right endpoint yields layers that are naturally
ordered along the real line.

Lemma 9. Let G be an interval graph, where for each vertex v € V(G), the interval associated to v is
denoted by I,. There exists a partition Lg, ..., Ly of V such that:

e for each 0 < i < h, either |L;| =1, ori > 1 and there exists u € L;—1 such that L; C Ng(u); and

o forall0<i<j—2<h—2, wehavemax( U Iv)<min< U Iv).

'UGLi UEL]'

Proof. Let < denote a total order on V(G) defined, for u,v € V(G), by u < v if max([,) < max(I,),
and in case of equality between these maxima, we order u and v arbitrarily. It is classical and easy to
observe that this order satisfies the following property for all u, v, w € V(G):

if u < v < w and vw is an edge of G, then vw is an edge of G. (1)

Let ag be the smallest vertex in G (with respect to <), and as long as a; has neighbours larger
than itself (with respect to <), define a;;1 as its largest neighbour. Let ag be the maximum such
a;. By , observe that every vertex between a;_; and a; is a neighbour of a;, so all vertices smaller
than ag4 belong to the connected component C' of ag. Moreover, all vertices after agy belong to another
connected component, as if a vertex after a4 is adjacent to C, then it is adjacent to aq by , but this
contradicts the maximality of ay. Observe that a; is at distance at most ¢ from ag (we prove below
that the distance is exactly i), thus every vertex in C' is at distance at most d 4+ 1 from ay. For each
0 <i<d+1, define L; as the set of vertices at distance i from ag. Note that Ly = {ap}.

Claim 9.1. For every 1 <i<d, a; € L;, L; C Ng(ai—1), L; < a; and if i > 2 then aj—o < L;.

Proof of claim. We proceed by induction on 4. It is trivial for ¢ = 1 by definition of a; and L. Assume
now that ¢ > 2 and that it is true for j < i. Assume first, for a contradiction, that a; € L; for j < 1.
By induction hypothesis L; C Ng(aj—1), which contradicts the choice of a; since a; < a;. Since a; is
at distance at most ¢ from ag, we get a; € L.

Now let a be an arbitrary vertex in L;. Let 7 > 1 be such that a;_1 < a = a;. Note that such a j
exists as every vertex u € C satisfies ag = v =< agq. By , a is a neighbour of a;.

If j <i—2, by induction a; € L; and a is at distance at most j+1 < ¢ from ag, a contradiction. This
shows that a;_9 < L;. If j =i — 1 then a is a neighbour of a;_1, as desired. If j > i, let a’ € L;_1 be
such that a’a is an edge. By induction a;_sa’ is an edge so by definition of a;_1 we have a’ < a;_1 < a.
Now by we have a € Ng(a;—1) as desired. This shows L; C Ng(aj—1). Now the definition of a;
implies that L; < a;. O

As observed above, the connected component of ag is precisely the set of vertices between ag and
ag, so if there are still remaining vertices, we can start again with the successor of a4, and perform the
same BFS to get the successive layers, and the sequence of partitions satisfies the requirement of the
Lemma. ]
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3 Proof of Theorem [3

This section is dedicated to the proof of Theorem 3] We first reduce to the case of bipartite tournaments
(i.e. orientations of complete bipartite graphs), then we make use of the following notion.

Let T'= (A, B, E) be a bipartite tournament. Given an ordering < of B, we say that a vertex a € A
switches at a vertex b € B if b’ — a — bor b < a < b, where V' is the predecessor of b in <. Informally,
it means that the orientations of the arcs at a change, along the ordering of B, when arriving at b.

The idea of the proof is that, in a bipartite tournament 7" with large acyclic dichromatic number,
either we can find a vertex in A that switches many times with respect to some ordering of B, or T
contains a large dimatching. In both cases, we can conclude that 7" contains 7Ty, = (A(1,1,k) = TT}).
The proof of Theorem [3] thus relies on the following key lemma.

Lemma 10. There exists a function f: N3 — N such that, for all integers p,q,r > 1 and every bipartite
tournament T' = (A, B, E) with Xa(T) = f(p,q,7), at least one of the following holds:

(i) for every ordering of B, some vertex of A switches at least r times; or
(i) T contains a dimatching of size p from A to B; or
(iii) T contains a dimatching of size q from B to A.

Proof. Let p,q,r > 1 be positive integers and T' = (A, B, F) a bipartite tournament such that none
of and hold. We show that the acyclic dichromatic number of T is bounded by some value
f(p,q,r) to be determined, which implies the desired result. We proceed by induction on p + g + .

If min{p, ¢, 7} = 1, then we claim that 7" has no directed cycle. Indeed, a vertex of A on a directed
cycle has at least one in-neighbour and one out-neighbour in B, and such a vertex switches at least
once with regard to every ordering of B. Moreover, any arc from A to B and any arc from B to A
forms a dimatching of size 1. Thus, if min{p, q,r} = 1, then T is acyclic, and we can set f(p,q,r) = 2.

Now suppose p,q,r > 1. Since does not hold, there exists an ordering < on B such that every
vertex of A switches strictly less than r times with respect to <. In the following, when speaking
about vertices in B, we use the words smaller and larger to denote their relation with respect to <,
and use the notations [b, b'] (or their variants with open brackets such as [b,'[) to denote intervals in
B with regard to <. We denote respectively bpin and byax the smallest and largest element of B. Let
us partition A into four sets depending on the orientation of the arcs at by, and byax:

o At =0t Nbl,.,
o AT =0 Nbp..,

o A7t =b_. Nbf,, and

max?

o AT7 =b_; Nb..

In what follows, we bound the acyclic dichromatic number of the bipartite tournament induced by
each of these sets together with B. The result then follows from Corollary [6} Remark that if a vertex
a € A never switches then it lies in no directed cycle, so removing it does not decrease the acyclic
dichromatic number, thus without loss of generality, we may assume that every vertex a € A switches
at least one time. The key object in our proof is the interval graph that we now define. For each vertex
a € A, denote respectively f(a) and £(a) the first and last switches of a in B, and let I, be the interval

I, = [f(a),l(a) ={be€ B :f(a) Xb<{(a)}.

Let G be the interval graph on A defined by these intervals (i.e. G has vertex set A, and for a,a’ € A,
there is an edge aa’ in G if and only if I, and I, intersect).

Claim 10.1. If K C A is a clique of G, then )Za(T[KUB}) < flp,gq,r —1)%
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Proof of claim. Let a € K be such that f(a) is maximal. Then for o’ € K, we have f(a’) < f(a) < ¢(a),
where the first inequality holds by definition of a, and the second because otherwise a and a’ are not
adjacent in G. Hence each o’ € K switches at least once in [byin, f(a)] and once in |f(a); bmax], so @’
switches less than r — 1 times in [byin, f(a)] and in |f(a); bmax|- By induction hypothesis, this implies

Xa(K U [bmin, f(a)]) < f(p,q,7 = 1) =1 and  Xa(KU]f(a),bmax]) < f(p,q, 7 — 1) = 1,
and the claim follows by applying Corollary [6] %

Claim 10.2. A stable set in AT (resp. A=) has size less than p (resp. q).

Proof of claim. Suppose S is a stable set in AT™". Let s,s’ € S be distinct vertices. Recall that
bin — s and byax — S, because s € ATT, and as f(s) is the first switch of s, it holds that s — f(s). By
definition of Iy, we have f(s") € Iy, thus f(s") ¢ I5 as otherwise s and s’ are adjacent in G. Hence either
f(s") < f(s) or £(s) < f(s"). If f(s") < {(s), then note that by, — s and s does not switch in [byin, f(s)],
so f(s') — s. If £(s) < f(s), then note that byax — s and s does not switch in [£(s), bmax|, so f(s') — s.
It follows that the arcs {s f(s)}ses form a dimatching from A to B, so |S| < p by hypothesis.

The proof for A=~ works symmetrically. O

Claim 10.3. . (ATt UA~ UB) < (f(p,g,r — 1)2 +1)7™

Proof of claim. Since any interval graph is perfect, its vertices can be covered by a number of cliques
equal to its stability number. Hence by Claim we can partition AT and A~ into p and ¢ cliques,
respectively. Then the claim follows by combining Claim with Corollary [6] %

It remains to bound Y,(AT~ U B) and Xa(A~" U B). This time, G may have unbounded stability
number, so we use a different strategy based on the partition guaranteed by Lemma [9]

Claim 10.4. Let by and by be vertices in B such that (b Nby) # @. Then
>Za<(bf Nby)u B) <fle=1,47)-f(p,q=1,7).

Proof of claim. Let a € (b] NbJ). Observe that every dimatching from (b] Nby) to a~ can be
augmented by the arc abi, so by induction hypothesis, it holds that

Xa((bF Nby)Ua™) < flp—1,q,7) — 1.

Similarly, every dimatching from a™ to (bir N by ) can be augmented by the arc bya, and thus

Xa((0f Nby) Ua®) < flp,g—1,m) — 1.
The claim follows from these two inequalities together with Corollary [6} O

The previous claim applied to byin and byax shows that if both AT~ and A~" are both nonempty,
then we are done. Hence (up to reversing all the arcs, and swapping p and ¢) we can assume that A~
is empty. It remains to bound Y,(AT~ U B). For better readability, we denote G[AT~| by G*~.

Let a € AT~. By definition of f(a) and using that by, — a, we have b — a for b < f(a), and
a — f(a). Likewise, by definition of ¢(a) and using that a — byax, we have a — b for b = ¢(a), and
b — a when b is the predecessor of ¢(a) in <.

Claim 10.5. For everya € AT,

Ya(NG+*(a)UB) < (f(pa%r_l)Q_'_l)Q' (f(p_laqu) 'f(p7q_1ar)+1)'

Proof of claim. Let a € A, and denote b € B the vertex preceding f(a) in <. We define:

o Ay ={d € AT~ :{(d) 2 f(a) < £(d)},
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o Ay ={d € At~ :f(d) < {(a)
o A3 ={d € AT : f(a) < f(d)

¢(a’)}, and
(') < l(a)}.

Note that A; and Ag are cliques in G, since all intervals I for ' € A; (resp. o' € Az) contain f(a)
(resp. b). Therefore, using Claim and Corollary [6], we get

=
<

Xa(A1UB) < f(pg,r=1)*  and  Xa(A2UB) < f(p,g.r — 1%

For a’ € As, we have f(a) — o’ as f(a) < f(a’), and o’ — b as ¢(a’) < b, thus A3 C (f(a)™ Nb7).
Recall that a — f(a) and b — a, so (f(a)” Nb") # @. Hence, we can apply Claim to f(a) and b,
which yields

)_C‘a(A?) UB) < f(p_ 17Q7T) ’ f(paq_ 1’T)‘
The claim follows from Corollary [6] and the fact that A; U Ay U A3 = Ng+-(a). O
Let Lo,..., Ly be the partition of V(GT~) guaranteed by Lemma @ For each 0 < ¢ < h, denote

Bi =Uer, la- By Lemma@ for 0 <i < j—2 < h—2, we have max(B;) < min(B;) so B; and B; are
disjoint. To make use of that, we split the layers in two sets according to their parity:

Leven = U L; and Loqqa = U L;.

i even i odd

Let a € L; and b € B. If b < min(B;) then b < f(a) so b — a, and if max(B;) < b then ¢(a) =< b so
a — b. Is is easy to prove that that every directed cycle of T[Leven U B] is included in T[L; U B;] for
some i (even). Hence, putting together acyclic dicolourings of T'[L; U B;] for each even index i, yields
an acyclic dicolouring of T'[Leyen U B], thus

X’a(Leven U B) < max )‘('a(Li U Bz)

1 even

The same holds for Loqq and odd layers, so by Corollary [6] we get

2
Ya(AT~UB) < ( max Xa(Li U B;) + 1) .

0<i<h
It thus suffices to bound Xa(L; U B;) for 0 < i < h. By Lemmal9] for each 0 < i < h, either |L;| = 1,
ori>1and L; C Ng+-(u) for some u € L;_1. Hence by Claim we have

%a(LiUB) < (F(pa.r =1 +1)° (fp = La,r) - f(pog = 1,r) + 1).
This concludes the proof of the lemma. O
We now derive our main theorem, which we restate here for convenience.
Theorem 3. For every integer k > 1, the tournament TTy, = (A(1,1,k) = TTy) is a champion.

Proof. Denote by Cj the tournament 7T, = (A(1,1,k) = TT}), and let T' be a Cj-free tournament.
The goal is to show that the acyclic dichromatic number of T' is bounded by some value g(k). By
Theorem [I], T}, is a hero, so there exists an integer h(k) such that ¥(T') < h(k). Hence, we can partition
T into ¢ < h(k) transitive tournaments 77, ...,T,. Remark that the subtournaments induced by two
colour classes {T[TZ U TJ}}” ele] together cover all arcs of T'. Thus, by Co1rollary|§|7
W) < [ G@uT) +1).
i.j€ld]

Therefore, it suffices to bound the acyclic dichromatic number of T'[T; U T}] for each 4,5 € [¢]. Fix
i,j € [c]. Note that T[T;] and T[T}] are acyclic induced subtournaments of T'[T; U Tj], and after
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removing their edges, we are left with the bipartite tournament T[T}, T};], so by Corollary |§|7 we have
Xa(T; UTj) < 4- )Za(T[Tz,T]]) Denote A =T;, B =T}, and T" = T[T}, T}]. Let f be a function that
satisfies the statement of Lemma and towards a contradiction, suppose that

Ya(T') > f(r(k:),r(k),b’k),

where (k) = 22F 4+ 2¥ + 4k. According to Lemma either 7" contains a dimatching of size r(k) or
for every ordering of B there is a vertex a € A that switches at least at 6k times. If 7" contains a
dimatching of size r(k), then T' contains Cj by Lemma

Hence, assume that for every ordering of B, there is a vertex a € A that switches at least at 6k
distinct indices. Denote < the topological ordering of B, so that we have b < V' if and only if b — V.
Let a € A be a vertex that switches at 6k different vertices by < - -+ < bgi. For each j € [6k], we denote
respectively bj_ and bj the in-neighbour and the out-neighbour of @ among b; and its predecessor in <.

Remark that bj_ and b 41 may not be distinct, but b and b o are always distinct. Let

X ={ajU{by,by,... .05 } U {b2k+1} U {b2k+27 2+4 " by U {b4k+27 Ak440 6k}

Observe that the relations below hold, and thus X induces a copy of Cf, a contradiction.

(b by = (X0 b by }).
a= by 1 = {0, 0pppar -+ by} = a, and

(X\{b4k+2’ Akdr 6k}> = {blis2: Vaas - > Ogr -
Hence Yo (T") < f(r(k),r(k),6k). It follows that the acyclic dichromatic number of T is at most

g(k) == (4- F(r(k), r(k), 6k) + 1)"®".

This concludes the proof of the theorem. O
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